The differential cross-sections for elastic and inelastic neutrino-deuteron scattering are calculated analytically using nucleon-nucleon effective field theory. For elastic scattering, the deuteron axial form factor and the deuteron strange magnetic moment form factor are computed to next-to-leading order, including two-body currents. For inelastic scattering, two neutral current processes νd → νnp, νd → νnp and one charged current process νd → e + nn are computed to next-to-leading order. These depend on an isovector axial two-body matrix element whose value is yet to be fixed by experiment. Potential model calculations by Kubodera et al. and Ying et al. are reproduced for different values of the two-body matrix element. This implies that the differences between the two potential model calculations lie in their treatment of short distance physics. The charged current to neutral current νd cross-section ratio is confirmed to be insensitive to short distance physics, and the same ratio is obtained by potential models and the calculation presented here, within 5%, for incident incident neutrino energies up to 20 MeV. The two-body matrix element could be fixed using the parity violating process − → e d → enp.
I. INTRODUCTION
The Sudbury Neutrino Observatory (SNO) employs inelastic neutrino-deuteron scattering to study the solar neutrino flux, and seeks the solution to the solar neutrino problem. The cross-sections for these processes have never been measured, leading to a reliance on theoretical calculations in the analysis of their data. To date, fairly sophisticated potential model calculations [1, 2] , employing different approaches to the inclusion of meson exchange currents have produced results which agree to within 5-10% of one another up to neutrino energies of 160 MeV. Still, how well constrained are these calculations? Given the importance of SNO to the understanding of neutrino physics, these cross-sections merit critical study.
Ellis and Bahcall first calculated the cross-section for the reaction
in 1968 [3] , to aid in an early attempt to build a deuterium solar neutrino detector. Later work by other authors [4, 5] focused on using the reaction
as a probe for neutral currents and a test of various electroweak models of the time, in particular the Glashow-Salam-Weinberg model [6] . The SNO proposal [7, 8] for a large scale heavy-water solar neutrino detector led to a resurgence of interest in both processes, and to the need for precise theoretical calculations of the cross-sections up through supernovae neutrino energies of order 20 MeV, and beyond. While there have been a number of calculations of progressive complexity [3] [4] [5] [9] [10] [11] , there are two definitive calculations of these cross-sections which include modern nucleon-nucleon potentials and meson-exchange current effects, though the approaches are quite different [1, 2] . The differences between these calculations are quite small, and it would appear that the results have converged.
However, there are no definitive experimental tests of these calculations, yet SNO must rely on them in order to extract information on the solar neutrino flux. As such, it is important that the physics behind these calculations is understood thoroughly, along with any underlying theoretical and systematic uncertainties.
Our approach to the problem of neutrino-deuteron scattering is to take advantage of recent developments in the use of low-energy effective field theory (EFT) . The power counting scheme of Kaplan, Savage, and Wise [21] allows for a concise and systematic analysis, order by order in perturbation theory, and has been used to study dynamical processes involving the deuteron, including electromagnetic form-factors and moments [23] , Compton scattering [24, 25] , np → dγ [27, 28] , and pp → de + ν e , where electromagnetic effects are important [36] . It is straightforward to analyze neutrino-deuteron scattering in this scheme. First, we will look at elastic ν-d scattering because of its sensitivity to the strangeness property of the deuteron. Then, we will proceed to two processes of interest to SNO, the neutral current (NC) reaction ν + d → ν + n + p and the charged current (CC) reactionν + d → e + + n + n. The normal CC reaction, ν e + d → e − + p + p, is not considered here because of the additional complication of electromagnetic effects in the two nucleon final state.
II. THE LAGRANGIAN A. Effective Field Theory
The lagrangian for an effective field theory involving nucleons and mesons can be described via
where L n contains operators involving n nucleons. Neglecting, for the moment, the weakinteraction couplings
where Σ is the conventional unitary representation of the pion fields in SU(2)
f = 132 MeV is the pion decay constant, and the trace of the quark mass matrix m q is related to the pion mass m π through m
The single nucleon lagrangian is
where the σ Pauli matrix acts on nucleon spin space and ξ = exp(iΠ/f ). The nucleon axial coupling is g A = 1.26. The two nucleon lagrangian needed for next-to-leading order (NLO) calculations is
where P i and P i are spin-isospin projectors for the 3 S 1 channel and the 1 S 0 channel, respectively, with definition and normalization
where the τ matrices act on isospin indices. The strong coupling constants C 0 , C 2 and D 2 have renormalization scale (µ) dependence. The details of the fitting procedure for these parameters, along with their values in each channel, can be found in the Appendix.
B. Weak Interactions
The effective lagrangians for charged and neutral current weak interactions, in terms of neutrino, nucleon, and meson fields, are given by
where the l µ is the leptonic current and J µ is the hadronic current. For ν-d and ν-d scattering,
The hadronic currents can be decomposed into vector and axial-vector contributions
where the superscripts represent isovector components (with S representing isoscalar terms) and, later, the currents will be labeled by the number of nucleons involved.
In a next-to-leading order (NLO) calculation, the electron mass m e contributions to the matrix elements are counted as higher order, along with contributions to the current proportional to the momentum transfer q µ since q µ l µ = 0 up to NLO. Weak-couplings to pion fields are also higher order and are neglected here. The non-relativistic one-body isoscalar currents are given by
Similarly, the isovector currents are given by
There are vector currents from magnetic moment terms, with
(κ p −κ n ) being the isoscalar and isovector nucleon magnetic moments in nuclear magnetons, with
The isoscalar weak currents are also sensitive to strangeness matrix elements between nucleon states. ∆s measures the strange quark contribution to the proton spin
with the value determined by Savage and Walden ∆s = −0.17 ± 0.17 (17) from an analysis of lepton scattering data [45, 46] including SU(3) symmetry breaking effects [47] . S µ is the covariant spin vector. µ s is the strange magnetic moment of the proton
The value of µ s has a large uncertainty. The SAMPLE experiment [49] has measured
However, theoretical predictions for µ s range from −0.8 n.m. to 0.18 n.m., as summarized in ref. [50] . Finally, there are two two-body axial currents relevant to scattering at NLO:
In addition, there is a two-body vector current that contributes to the NLO strange magnetic form factor
III. NEUTRINO-DEUTERON AND ANTINEUTRINO-DEUTERON ELASTIC SCATTERING
A. Deuteron Form Factors νd → νd and νd → νd elastic scattering processes are sensitive to the strange quark properties of the deuteron. This can be easily seen by writing the neutral current in terms of quark degrees of freedom.
then taking the matrix element between deuteron states. The fact that the deuteron is isoscalar means that the matrix element depends only on the electromagnetic and strangeness properties of the deuteron,
Since the deuteron's electromagnetic properties are well known, νd and νd elastic scattering processes are, in theory, ideal for studying the strangeness of the deuteron and might also provide valuable information on strangeness in the nucleon.
To begin, we must define the NC vector and axial form factors of the deuteron, then calculate the strange form factors in EFT up to NLO. Using |p,i to represent a deuteron with momentum p and polarization state i, the vector form factors of the neutral weak current can be defined in the way similar to that of the electromagnetic form factors
where M d is the deuteron mass and q = p ′ − p. The neutral weak charge, magnetic and quadrupole form factors 
The electromagnetic form factors of the deuteron are well known experimentally, and have been computed in [23] using effective field theory. The form factor F s C = 0 at q 2 = 0, because there are no net strange quarks in the deuteron. This means that F s C , together with F s Q do not contribute to the cross-section until next-next-to-leading order (NNLO) and will not be considered in this paper.
The axial form factor
arises directly from strange matrix elements only, as has been noted from eq.(23) already.
Note again that terms proportional to q µ have been dropped in eq. (27) since we treat the neutrino as massless. The effective field theory result for the strange form factors F s A and F s M up to NLO can be written as a series expansion in powers of Q, where Q is the small expansion parameter in the momentum and chiral expansion
The superscripts denote the power of Q in the expansion. The LO strange axial form factor depends on the strange axial moment of the nucleon ∆s (defined in eq. (16)) and the LO electric form factor
where 
L 2,A (µ) itself depends on µ but the form factor is µ-independent. The expressions for F
(1) C and F (−1) Q can be found in [23] . The strange magnetic form factor is computed as
where µ s is the strange magnetic moment of the nucleon defined in eq. (18) and L s 2 is the coefficient of the two-body counter term defined in eq.(21).
B. Cross-Section
The ν(ν)d elastic scattering cross-section up to NLO is
where ω is the incident neutrino (antineutrino) energy, and θ is the scattering angle between the incident and outgoing lepton directions. The negative sign of the magnetic and axial interference term corresponds to νd scattering and the positive sign to νd. Note that in addition to the F s M dependence which is not considered in [48] , we also disagree on the sign of the interference term. In our expression, σ νd < σ νd when F s M = 0. This can be confirmed, later, when we consider the elastic limit of the inelastic scattering process.
In reference [48] , the motivation was to measure ∆s through the ratio
At LO, this ratio depends on ∆s and µ s while at NLO it also depends on L 2,A and L s 2 . Given that the values of ∆s and µ s should become known more precisely from single-nucleon experiments, precision measurements of the ratio R el could tell us more about the intrinsic strangeness of the deuteron.
IV. NEUTRINO-DEUTERON AND ANTINEUTRINO DEUTERON NEUTRAL CURRENT INELASTIC SCATTERING

A. Neutral Current Structure Factors
For neutrino scattering from a hadronic target, the differential cross-section can be written in terms of leptonic and hadronic tensors l µν and W µν as
where k(k ′ ) represents the initial (final) lepton three-momentum. The leptonic tensor is given by
The hadronic tensor can be defined as the imaginary part of the forward matrix element of the time-ordered product of two weak current operators. It can be parameterized by six different structure functions
where the momentum transfer q µ = k µ −k ′ µ (the difference between the incident and outgoing lepton four-momenta), and P µ is the deuteron four-momentum. W 4 , W 5 and W 6 do not contribute to the differential cross-section because q u l µν = 0. For the reaction
the differential cross-section in the lab frame (deuteron rest frame) simplifies to
where θ is the angle between k and k ′ , ω ′ is the final lepton energy, and we have used the relation
For νd → νnp scattering, the last terms on the right hand sides of eq. (37) and (40) change sign.
The phase space boundaries for this reaction through the angular bound
and the bound on outgoing lepton energy
where ν = ω − ω ′ is the energy transfer (q 0 ).
B. Leading order
The leading order contributions to the hadronic tensor W µν are the diagrams shown in Fig. 1 . The non-zero components of W µν are given by
with no summation implied over indexes of W LO ii . The coefficients arise from the specific forms of the single-nucleon vector and axial currents, and are given by The functions F a are the individual contributions at LO from the diagrams of Fig. 1 , with F 3 and F 4 both associated with the last diagram in the first row:
The magnitude of the relative momentum between the final state proton and neutron is p, with
The 'rescattering' amplitudes appearing in F 3 and F 4 are the leading order NN scattering amplitudes in each channel, given by
and similarly for the 1 S 0 channel. After matching onto the effective range expansion as performed in the Appendix,
and
where a ( 1 S 0 ) is the 1 S 0 channel scattering length. From these expressions for the components of the hadronic tensor, we find that the leading contributions to the structure factors in eq. (40) are
(51)
Elastic Limit
An important test of the inelastic calculation is that we can reproduce the elastic scattering results in the limit
It is straightforward to see that, in this limit,
This, combined with eq. (40, 44, 51) , reproduces the LO contribution to eq.(34). Further it can be shown that our NLO result also recovers the elastic limit.
Threshold Behavior
Another useful test of the inelastic calculation is to study the threshold behavior and compare that with the results expected from the effective range expansion. In the effective range expansion, it is well known that the dominant contribution to the threshold hadronic matrix element is the 3 S 1 → 1 S 0 transition through the isovector axial coupling. The 3 S 1 → 3 S 1 transition is suppressed because amongst the NC spin-isospin operators 1, τ a , σ i and τ a σ i : i) the isovector operators don't contribute (the transition is isoscalar); and ii) the matrix elements of the isoscalar operators vanish in the zero recoil limit (d and np states are orthogonal in the zero recoil limit).
Our results reproduce these features. In the threshold limit ω ′ , p → 0,
FIG. 2. Graphs from insertions of the operators with coefficients
(denoted by the gray squares) that contribute to the ν-d scattering hadronic tensor at NLO. The gray blobs and other features are as defined in Fig. 1 .
Another consequence of the 3 S 1 → 3 S 1 suppression is that our results will not be sensitive to isoscalar parameters ∆s, µ s and L 2,A . This has the added advantage of reducing the number of free parameters, as will be seen later.
Using eqs. (40, 42, 51 ), the differential cross-section with respect to the relative kinetic energy E r (= p 2 /M N ) between final state nucleons is
This reproduces the threshold behavior of the effective range expansion result of [5] . Our result is also consistent, at both LO and NLO, with the analytic expression of the np → dγ amplitude given in [28] .
C. Next to Leading Order
At NLO we will decompose the hadronic tensor into five components
each corresponding to an insertion of a NLO L 2 operator, single pion exchange or higher order weak couplings. Each of these five components will be considered separately.
D 2 Contributions
The D 2 contributions to the hadronic tensor arise from the diagrams shown in Fig. 2 . They can be expressed as simple replacements of the LO results in eqs. (44, 46) , where
and similarly for the 1 S 0 channel.
L A Contributions
Diagrams with one insertion of L 1,A or L 2,A contribute to the hadronic tensor at NLO are shown in Fig. 3 . These contribute only to the spatial piece of the hadronic tensor, and we find
with all other W L A µν = 0. Note that the term involving L 1,A behaves like
which is not µ-independent. The β function of L 1,A can be obtained by requiring the NN → NNνν, 3 S 1 to 1 S 0 transition amplitude to be µ-independent,
3. C 2 Contributions Fig. 4 shows the diagrams in which C 2 contributes to the hadronic tensor at NLO. Here we find contributions to both spatial and time-like components of the hadronic tensor FIG. 4 . Graphs from insertions of the operator with coefficient C
(denoted by the solid squares) that contribute to the ν-d scattering hadronic tensor at NLO. The gray blobs and other features are as defined in Fig. 1 .
where
and similarly for the 1 S 0 channel. All other W C 2 µν = 0. An analysis using eq.(61) shows that the sum of C 2 and L 1,A contributions to the hadronic tensor are µ-independent.
Single Potential Pion Exchange Contributions
The potential-pion exchange diagrams at NLO do not yield closed-form analytical solutions. However, a reasonable set of approximations could be introduced to make analytic results possible. The diagrams contributing at NLO are shown in Fig. 5 . For all diagrams q dependence is neglected in the pion propagator. In the region ω ≤ 20 MeV that we are interested in, |q| ≤ 40 MeV and the error due to this approximation is estimated to be 
where p and k denote the nucleon momenta at the πNN vertices. This approximation could lead to a 30% error at this order, but numerically the error is found to be of order 10%. Since the terms neglected here are formally of order NLO, we have not performed a complete calculation to NLO. But the error due to the approximations made accumulates to no more than 20% of the NLO contribution from potential pions, and is numerically an NNLO effect. The structure factors can be decomposed in a manner similar to the LO result, with
The W π ij(i =j) components are suppressed by factors of q 2 /m 2 π compared to the diagonal ones, so we neglect them (if they contribute at all). All other W π µν = 0. The functions G 1,2 are simple modifications of the LO functions F 1,2 , given by
G 3 and G 4 can be further decomposed into 3 parts:
with
FIG. 6. Graphs contributing to the ν-d scattering W 3 form factor at NLO. The dark solid circles correspond to insertions of the leading weak current operators, while the gray solid circles correspond to insertions of the next-to-leading weak magnetic moment operators. The gray blobs and other features are as defined in Fig. 1 .
The diagrams with one LO single-nucleon weak current and one NLO weak magnetic moment coupling, as shown in Fig. 6 , contribute to the antisymmetric part of the NLO hadronic tensor
with all other W M Z µν = 0. It is straightforward to show that
.
Recall that at LO, W 3 vanished. As such, this NLO contribution is the leading contribution to the difference between neutrino and antineutrino scattering from the deuteron.
V. ANTINEUTRINO-DEUTERON CHARGED CURRENT INELASTIC SCATTERING
The differential cross-section for the process
takes the same form as eq. (40). There are, in principle, corrections due to the finite positron mass m e , but their impact on the total cross-section is negligible, even at threshold (they could, however, affect the angular distribution). We must also modify the phase space bounds to include the effects of the positron's mass, as well as the neutron-proton mass splitting δm = m n − m p . The modified bounds are
For the most part, however, the primary difference between the neutral current and charged current cases is the fact that the charged current processes are purely isovector. As a result, the charged current structure factors can be obtained from the neutral current structure factors with the simple substitutions:
where we use |V ud | = 0.975 for this CKM matrix element.
VI. NUMERICAL RESULTS
We have presented analytic expressions of the differential cross-sections
+ nn processes in the previous sections. These expressions have the correct elastic scattering limits and their threshold behaviors are consistent with [28] . We can now consider the numerical results for the total cross-sections of these processes. In calculating cross-sections for the different channels, we will include the isospin splitting (charge dependence) of the strong interaction in the 1 S 0 channel, but it can be neglected in the weak interaction currents as a higher-order effect.
In the NLO calculations, four parameters (∆s, µ s , L 1,A , and L 2,A ), which are not well constrained, contribute with different significance. To demonstrate their numerical effect we express the NC cross-sections at ω = 10 MeV as
where L 1,A and L 2,A are in units of fm 3 . It is clear, immediately, that ∆s and µ s contribute less than 1% to the total cross-section. Furthermore, since dimensional analysis suggests L 1,A and L 2,A are of order
at µ = m π , we see that L 1,A could contribute at the 10% level but that L 2,A would contribute far less than 1% to the total cross-section. This agrees with the 3 S 1 → 3 S 1 suppression mentioned in section IV B 2. In this computation, L 1,A is kept as a free parameter, ∆s = −0.17, µ s = 0, and L 2,A = 0. The error from this choice is estimated to be less than 1%.
The LO results are parameter free, and are shown in Fig. 7 together with potential model results. With respect to the two most modern potential model calculations used, Kubodera comparing them to our LO results. First, consider the NC channels. At LO there is no difference in our calculation between νd → νnp and νd → νnp cross-sections. We see then that our LO result lies within 10% of the (averaged) potential model results. A similar level of agreement is seen in the comparison of our LO calculation of νd → e + nn to (the averaged) potential model calculations.
Our cross-sections at NLO will have one free parameter, L 1,A . To facilitate study of the effects of this two-body contribution, we tabulate the NLO cross-sections as functions of L 1,A in Table I . It is not surprising that we can reproduce the total cross-section results of KN and YHH in all three channels to a high degree of accuracy by choosing L 1,A to be 6.3 fm 3 and 1.0 fm 3 respectively (see Fig. 8 ). This would imply that the 5-10% systematic errors in these two potential model calculations are due solely to different assumptions made about the short distance physics. It also suggests that EFT is a perfect tool to study the νd breakup processes because, once L 1,A is fixed by one experiment, predictions can be made in other channels such as the solar fusion process pp → de + ν, and supernova short term cooling processes such as np → npνν. One experiment which could, in principle, constrain L 1,A is parity-violating − → e d → enp. The SAMPLE II collaboration [51] is measuring this reaction at MIT-Bates with the intent of studying the strange magnetic moment, µ s . Their kinematics are tuned for that purpose, and are not well-suited for an extraction of L 1,A . It would be useful to explore future possibilities that optimize an extraction of the isovector axial coupling, L 1,A .
To make a more detailed comparison with potential model calculations, we choose the same L 1,A values as mentioned above and plot the ratios between different calculations of the three ν(ν)d reaction channels in Fig. 9 . We find that the agreement is excellent between our calculations and the potential model results of KN (within 2%), and that we agree with the results of YHH to within 10% (the actual agreement is likely better than this -the fluctuations in YHH's calculation may exaggerate the differences somewhat). In making these comparisons, we should recall that we have taken into account isospin splitting in the 1 S 0 rescattering amplitudes for nn and np final states. The details can be found in the Appendix. Further, for np final-states, our fit for the 1 S 0 channel is not as good as for the 3 S 1 channel. However, it begins to deviate from the measured phase shifts only above relative momenta of 50 MeV. The sensitivity of the calculation to these momenta is suppressed by the factor of ω ′ |k ′ | in the differential cross-section for NC and CC scattering (eq. (40)). ω ′ ∝ (p 2 max − p 2 ) means that the calculation is most sensitive to lower relative momenta. Another interesting quantity is the ratio R between CC and NC scattering cross-sections,
This ratio is zero at threshold (E ν = 4.03 MeV). Above threshold, it is expected to be insensitive to the treatment or modeling of short distance physics and, in fact, changes by only 5% at NLO above 5 MeV when L 1,A varies over a wide range, from −20 to 40 fm 3 . Choosing L 1,A = 3.7 fm 3 , our values of R agree well with those obtained by KN and YHH over the full range of neutrino energies studied (Fig. 10) .
One of the strengths of effective field theory is that it provides us with the ability to quantify theoretical uncertainty. It remains for us to quantify the precision of the EFT calculations presented here. Naive power counting tells us that the NLO calculation has a 10% uncertainty from higher order corrections, even if we were able to fit the counterterm L 1,A from experimental data (such as the − → e d scattering process mentioned earlier). This estimate is consistent with the observation that setting L 1,A to +6, 0, and −6 fm 3 (sizes suggested from the dimensional analysis of eq. (82)) corresponds to the NLO contribution being 10, 20 and 30% (respectively) of the LO contribution. As the NLO contribution is naively a 30% effect, the NNLO effect could be estimated to be ∼ 10%. However, if the sign of L 1,A is positive, as preferred by our comparison to the potential model calculations of KN and YHH, the uncertainty from NNLO could be only ∼ 4%. This latter scenario would also explain why we can fit the potential model results at (in general) the few percent level, given that higher order contributions are partially incorporated in very different fashions in different calculations. The size of NNLO effects will be studied further [52] using EFT without pions [42] .
VII. CONCLUSIONS
We have presented analytic differential cross-sections for elastic and inelastic neutrino deuteron scattering processes using effective field theory. For elastic scattering, the deuteron axial form factor arising from strange matrix elements, and the deuteron strange magnetic moment form factor are computed to NLO with two-body current dependence. For inelastic scattering, two neutral current processes νd → νnp, νd → νnp and one charge current process νd → e + nn are computed to NLO with an isovector axial two-body matrix element whose value is yet to be fixed by experiment. Potential model calculations done by Kubodera et al. and Ying et al. are reproduced, with a high degree of accuracy, by choosing different values for the two-body matrix element. This implies that the differences between the two potential model calculations lie in their treatment of short distance physics. The charged current to neutral current νd cross-section ratio is confirmed to be insensitive to short distance physics, and the same ratio is obtained by potential models and this calculation within our intrinsic uncertainties (conservatively estimated to be 5%) for the full range of incident neutrino energies studied, up to 20 MeV. The two-body matrix element could be fixed using the parity-violating process − → e d → enp.
There still remains the need to calculate the other charged current process, νd → e − pp, in EFT. This is the primary reaction channel at SNO and issues of its precision and accuracy should not be simply inferred from the processes studied here. The complications introduced because of coulomb interactions in the final state make it more appropriate to discuss this process elsewhere [53] , along with details of the angular distributions of the charged-current reactions [54] . 
APPENDIX
This appendix summarizes how the NN scattering strong interaction parameters can be fit to phase shift data by matching onto the effective range expansion (ERE). The NN scattering amplitude A has a power series expansion in Q; A = A −1 + A 0 + ..., where the subscripts denote the powers in Q. A −1 and A 0 have been calculated in [21] . The standard parameterization of the NN scattering amplitude is given by
where p is the relative momentum and δ is the phase shift. The effective range expansion is a power series expansion of p cot δ, yielding
where a is the scattering length and r 0 is the effective range. For the 1 S 0 channel, we can rewrite eq. (84) as
where we have performed a Q-expansion. At LO, we can relate the coefficient C 
At NLO, A 0 does not have the same p dependence as A ERE 0
. The NLO matching is performed near p = 0. As p → 0,
The matching yields
(
The ERE parameters a np = −23.714 ± 0.013 fm , r 0np = 2.73 ± 0.03 fm , a nn = −18.5 ± 0.4 fm , r 0nn = 2.80 ± 0.11 fm , are different between n-p and n-n systems [55] . Taking 
